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An exact charged solution with axial symmetry is obtained in the teleparallel equivalent 
of general relativity (TEGR). The associated metric has the structure function = 
1 — £ 2 — 2mA!; 3 — q 2 A 2 ^ 4 . The fourth order nature of the structure function can make 
calculations cumbersome. Using a coordinate transformation we get a tetrad whose metric 
has the structure function in a factorisable form (1 — £ 2 )(1 + r + A£)(l + r_A£) with r± as the 
horizons of Reissner-Nordstrom space-time. This new form has the advantage that its roots 
are now trivial to write down. Then, we study the singularities of this space-time. Using 
another coordinate transformation, we obtain a tetrad field. Its associated metric yields the 
Reissner-Nordstrom black hole. In Calculating the energy content of this tetrad field using 
the gravitational energy-momentum, we find that the resulting form depends on the radial 
coordinate! Using the regularized expression of the gravitational energy-momentum in the 
teleparallel equivalent of general relativity we get a consistent value for the energy. 



*PACS numbers: 04.20. Cv,04.50.+h,04.20-q. 
Keywords: Teleparallel equivalent of general relativity, Reissner-Nordstrom, Regularized expression of the 
gravitational energy-momentum. 
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1. Introduction 



The charged C- metric line element and electromagnetic potential are given by [1] 



ds 2 = 



1 



2 G(y)dt 2 



dy 2 dx 2 



+ G{x)d<t) 2 



A = Qydt, 



(1) 



A 2 (x - y) 



G(y) G(x) 



where A is the electromagnetic vector potential, Q is the charge parameter and the structure 
function G is defined by 



Here m and A are positive parameters related to the mass and acceleration of the black 
hole, such that mA < l/y/27. The fact that G is a fourth order polynomial in £ means that 
one can not in general write down simple expression for its roots. Since these roots play 
an important role in almost every analysis of the charged C-metric, most results have to be 
expressed implicitly in terms of them. Any calculation which requires their explicit forms 
would naturally be very tedious if not impossible to carry out [2, 3, 4]. 

At present, teleparallel theory seems to be popular again. There is a trend of analyzing 
the basic solutions of general relativity with teleparallel theory and comparing the results. 
It is considered as an essential part of generalized non-Riemannian theories such as the 
Poincare gauge theory [5] ~ [12] or metric-affine gravity [13]. Physics relevant to geometry 
may be related to the teleparallel description of gravity [14, 15]. Within the framework 
of metric-affine gravity, a stationary axially symmetric exact solution of the vacuum field 
equations is obtained for a specific gravitational Lagrangian by using prolongation techniques 
([16] and references therein). Teleparallel approach is used for positive-gravitational-energy 
proof [17]. A relation between spinor Lagrangian and teleparallel theory is established [18]. 
In metric-affine generalization of teleparallelism, Obukhov et al. [19] have shown that there 
is an inconsistency in the coupling of spinors. Mielke [20] demonstrated the consistency of 
the coupling of the Dirac fields to the TEGR. However, Obukhov and Pereira [19] have shown 
that this demonstration is not correct. They also [19] have studied the general teleparallel 
gravity model within the framework of the metric affine gravity theory. Nester et al. [21] 
have considered the quasilocal center-of mass (COM) in tetrad-teleparallel gravity. They 
have used the covariant Hamiltonian formalism, in which quasilocal quantities are given by 
the Hamiltonian boundary term, along with the covariant asymptotic Hamiltonian bound- 
ary expressions. Consideration of the COM not only gives the most restrictive asymptotic 
conditions on the variables but also gives strong constraints on the acceptable expressions 



For a satisfactory description of the total energy of an isolated system it is necessary that 
the energy- density of the gravitational field is given in terms of first- and/or second-order 
derivatives of the gravitational field variables. It is well-known that there exists no covariant, 
nontrivial expression constructed out of the metric tensor. However, covariant expressions 
that contain a quadratic form of first-order derivatives of the tetrad field are feasible. Thus 



(2) 



[21]. 
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it is legitimate to conjecture that the difficulties regarding the problem of defining the grav- 
itational energy-momentum are related to the geometrical description of the gravitational 
field rather than are an intrinsic drawback of the theory [22, 23]. M0ller has shown that the 
problem of energy-momentum complex has no solution in the framework of gravitational field 
theories based on Riemannian space-time [24]. In a series of papers, [24]~[27] he was able to 
obtain a general expression for a satisfactory energy-momentum complex in the teleparallel 
space-time. Xu and Jing derived the field equation with a cosmological term and studied 
the energy of the general 4-dimensional stationary axisymmetric space-time in the context 
of the Hamiltonian formulation of the TEGR [28]. 

It is well known that TEGR [14] ~ [23] provides an alternative description of Einstein's 
general relativity. In this theory the gravitational field is described by the tetrad field e a M . In 
fact the first attempt to construct a theory of the gravitational field in terms of a set of four 
linearly independent vector fields in the Weitzenbock geometry is due to Einstein [29, 30]. 

A well posed and mathematically consistence expression for the gravitational energy has 
been developed [23]. It arises in the realm of the Hamiltonian formulation of the TEGR [31] 
and satisfies several crucial requirements for any acceptable definition of gravitational energy. 
The gravitational energy-momentum P a [23, 32] obtained in the framework of the TEGR has 
been investigated in the context of several distinct configuration of the gravitational filed. 
For asymptotically flat space-times P° yields the ADM energy [33] . In the context of tetrad 
theories of gravity, asymptotically flat space-times may be characterized by the asymptotic 
boundary condition 

e ai i = Van + ^h a n(l/r), (3) 

and by the condition d^e a ^ = 0(l/r 2 ) in the asymptotic limit r — > oo, with 
Vab = ( — 1, +1, +1, +1) is the metric of Minkowski space-time. An important property of 
tetrad fields that satisfy Eq. (3) is that in the flat space-time limit one has e a fl (t,x,y,z) = 
5 a M , and therefore the torsion tensor T a fiu = 0. Maluf [34] has extended the definition P a for 
the gravitational energy-momentum [23, 31] to any arbitrary tetrad fields, i.e., for the tetrad 
fields that satisfy T a ^ ^ for the flat space-time. The redefinition is the only possible 
consistent extension of P a , valid for the tetrad fields that do not satisfy Eq. (3). 

It is the aim of the present work to derive a charged axially symmetric solution in TEGR. 
In §2 we give brief review of the TEGR of the coupled gravitational and electromagnetic 
fields. A tetrad having axial symmetry with six unknown functions in x & y is applied to 
the field equations and a solution of charged axial symmetry is obtained in §3. A coordi- 
nate transformation is applied to the tetrad obtained in §3, to put the structure function 
in a factorisable form. The advantage of this transformation is that it makes the roots of 
the original solution be factorisable. Also in §3, the singularities of tetrad (15) (see be- 
low) are studied. In §4, another coordinate transformation is applied to tetrad (15) and a 
tetrad that its associated metric gives the Reissner-Nordstrom black hole is obtained. The 
energy content of tetrad (20) (also see below) is calculated in §4 using the gravitational 
energy-momentum [23, 34] and unsatisfactory value of energy is obtained . In §5 we use 
the regularized expression for the gravitational energy-momentum to calculate the energy. 
Discussion and conclusion of the obtained results are given in the final section*. 



* Computer algebra system Maple 6 is used in some calculations. 
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2. The TEGR for gravitation and electromagnet ism 



In a space-time with absolute parallelism the parallel vector fields e a ^ define the non- 
symmetric affine connection 

F A d = A a /.N 

where e a ^ jiy = <9^e a ^ * . The curvature tensor defined by T x ^ u is identically vanishing, however. 
The metric tensor g^ v is given by 

9p, = Vabe a ^e\. (5) 

The Lagrangian density for the gravitational field in the TEGR, in the presence of matter 
fields, is given by 1 " [23, 35] 

Co = eL G = - JL (Z^* + _ j-r.j _ Lm = -^E-T* - L m , (6) 

where e = det(e a ^). The tensor S abc is defined by 

■^abc def. jl ^r-pabc _|_ rpbac rpcab\ _|_ _^ Oq ac T^ Tj a ^T^\ (7) 

4 2 
T abc and T a are the torsion tensor and the basic vector field defined by 

Ta def. a rpA a a T-ia def. « iy/po T-ia def. rpfe a /n\ 

^ — e a^ /i^ C^e „ — o^e M , i be — eb e c 1 ^ ± — ± b ■ \°) 

The quadratic combination Y, ahc T ahc is proportional to the scalar curvature R(e), except for 
a total divergence term [22]. L m represents the Lagrangian density for matter fields. The 
electromagnetic Lagrangian density L e m _ is given by [37] 

I d ^ f - -- a w a v °F f (q) 

L 'e.m. — ^i/ y 1 jiu 1 paj ) 

where F^ v being given by* F^ v d =' d^Ay — d u A^ and being the electromagnetic potential. 

The gravitational and electromagnetic field equations for the system described by Lq + 
L e m . are the following 

e a\ e bp,d u (eYj bXl/ ^j — e ^T, bu a Ti, u ^ — — e a ^Tb C £iT! icd ^J = —KeT a ^, 

d v (eF^) = 0, (10) 



*space-time indices /i, v, ■ ■ ■ and SO(3,l) indices a, b • • • run from to 3. Time and space indices are 
indicated to \i = 0,i, and a = (0), (i). 

^Throughout this paper we use the relativistic units , c = G = 1 and k = 8ir. 
■fHeaviside-Lorentz rationalized units will be used throughout this paper 
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where 



5L m 
5e a ^ 



= eT, 



a fl- 



it is possible to prove by explicit calculations that the left hand side of the symmetric field 
equations of Eq. (10) is exactly given by [23] 



Ra^{e) - -e aix R(e) 



3. Charged Axially symmetric solution 



In this section we will assume the parallel vector fields to have the form 



/A 1 (x,y) 

Bi (x, y) cos — B 2 (x, y) sin0 

C 1 (x,y) 

V Dx(x, y) sin0 D 2 (x, y) cos0 / 



(11) 



where Ai(x,y), Bi(x,y), B 2 (x,y), C±(x,y), Di(x,y) and D 2 (x,y) are unknown functions. 
We use a non-diagonal form of the tetrad given in Eq. (11) in spite that the metric reproduced 
is in a diagonal form. This is due to the fact that there are a non-diagonal tetrads reproduced 
a diagonal metric however, a more physics are needed to explain the obtained results [38, 39]. 

Applying (11) to the field equations (10) we obtain the unknown functions in the form 



M(x,y) 



B 2 (x,y) 



Di(x,y) = 



G(y) 



A( x - y y 



Bi(x,y) = 



1 



G(x) 



A(x - y)' 
1 



Ci(x,y) 



A(x-y)^G(x) 
1 



A{x-y)jG(x)' 



A(x~y)^/G(y) 
D 2 (x,y) 



G(x) 



A(x- y y 



;i2) 



where G(£) = 1 - ^ 2 
A = Qydt, with Q = 



2mAC, 3 — Q 2 A 2 C, 4 , and the electromagnetic potential is given by 
[36, 37] is the charge parameter. The associated metric of 



2^ 



solution (12) has the form (1) which is the charged C-metric. As we see in the introduction 
that in general one can not easily write down simple expression of the roots of G. Therefore, 
one must find some coordinate transformation which makes the roots of G written explicitly 
and this would in turn simplify certain analysis of the charged C-metric. This coordinate 
transformation has the form [40] 
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x = B(x-c 1 ), y = B(y-d), (f) — Bi<f>, t = Bit, 

1 - A 2 Q 2 + QmAd + 6Q 2 A 2 Cl 2 \ 1/2 



where 



B = 



1 + (1 - Q 2 A 2 ) Cl 2 + 4mA Cl 3 + 3Q 2 A 2 c 1 4 / 



B 1 = yjl- A 2 Q 2 + QmAcx + QQ 2 A 2 Cl 2 ^l + (1 - Q 2 A 2 )c x 2 + 4mA Cl 3 + 3Q 2 A 2 Cl 4 , (13) 
with x, y, 4>, i are the new coordinate and 

Q m + 2Q 2 Ac 1 



Q 



1 - A 2 Q 2 + 6mA Cl + 6Q 2 A 2 ci< 



m = 



(1 - A 2 Q 2 + 6mA Cl + 6Q 2 A 2 Cl 2 ) 3 / 2 ' 



A= yjl + (l- Q 2 A 2 ) Cl 2 + AfhAd 3 + 3Q 2 A 2 Cl 4 A, 



AQ 2 A 2 Cl 3 + 6mA Cl 2 + 2(1 - Q 2 A 2 ) Cl = 2mA. (14) 
Applying the coordinate transformation (13) to the tetrad (11) with solution (12) we obtain 



(e%) = 



A(x - y) 










COS i 



V 







A(x - y)H(x) 


sin 0* 
A(x - y)H(x) 






1 







\ 



H(x) sin^* 
A(x - y) 



A(x - y)H(y) 








cos <f>*H(x) 
A(x - y) J 



(15) 



where 

with Bi given in Eq. (13) and 



0* = B ± 4> 



H(£) = yjl - e + Q 2 A\ 2 + 2mAi - 2mA? - Q 2 A 2 ?. 
The associated metric of the tetrad field given by Eq. (15) is given by 



ds 1 



A 2 (x - yf 



dx 2 



Gi(y) G^x) 



+ G 1 (x)d<p 2 



, where Gi(£) is defined by 



Gi(O d = (l-e)(l + r+AO(l + r-AO = H 2 (0, with r T = m^f \jm 2 — Q 2 {\Q) 
and < r_A < r + A < 1 [40] and the electromagnetic potential has the form 

A = Q(x — c\)dt. 
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It is clear from (16) that one can gets the roots easily which has the form 



6,2 = t, 6,4 = =Fl which obey 6 < 6 < 6 < £4. (17) 

Now we are going to study the singularities of tetrad (15). 

In teleparallel theories of gravity we mean by singularity of space-time [37] the singularity 
of the scalar concomitants of the curvature and torsion tensors. 

Using the definitions of the Riemann Christoffel, Ricci tensors, Ricci scalar, torsion tensor 
and basic vector Eq. (8), [41] we obtain for solution (15) 



R^ Xa R,uXa = F 1 (x, y), BTR^ = F 2 (x, y), R = F 3 (x, y), 

Tabcrp 
-l-n.br. — 



abc T F A (x 2 y) 

abc {l-x 2 ){l-y 2 ){l + 2xmA + Q 2 x 2 A 2 ){l + 2ymA + Q 2 y 2 A 2 y 

rparp _ ^5(£)_y) _ _ /|M 

a (l-x 2 )(l-y 2 )(l + 2xmA + Q 2 x 2 A 2 )(l + 2ymA + Q 2 y 2 A 2 y 1 ; 

where F iy i = 1 • • -5 are too lengthy functions of x and y. It is clear from (18) that the 
scalars of torsion and basic vector have the same singularities as the dominator of both are 
the same. Let us discuss these singularities. 

1) When x — y — £ 3 then all the scalars of (18) have a singularities which is called asymptotic 
infinity [40] . 

2) When y = £ 2 , there is a singularity which is called black hole event horizon [40]. 

3) When y — £ 3 there is also a singularity which is acceleration horizon. 

4) When x — £4 there is a singularity which makes symmetry axis between event and accel- 
eration horizons. 

5) When x — £3 there is a singularity which makes a symmetry axis joining between event 
horizon with asymptotic horizon. 

6) When x — £3 and y — £4 there will be a conical singularity [40]. 



4. Energy content 

To write the tetrad field given in Eq. (15) into a spherical polar coordinate, we will use 
the following coordinate transformation [40] 

x = cos6>, y = — ^, ( j ) * = (j ) * ) i = Ati, (19) 

Ar 

where r,9,ti are the new coordinate. Applying transformation (19) to the tetrad field (15) 
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we get 



/ Jr 2 - 2mr + Q 2 E x 



(e%) = 



r G 2 











r cosi 



r 2 - 2mr + Q 2 G 2 H l 




F G 2 


r sin (f>* 
F Go 



r F sin sin 0* 
G~ 2 



r F sin 6 cos 0* 



(20) 



where 



A 2 r 2 - 1. 



F = ^l + 2mAcos6 + Q 2 A 2 cos 2 6, G 2 = (Arcos6 + 1), 

Taking the limit in (20), the associate metric will have the Reissner- Nordstrom space- 
time. Now we are going to calculate the energy content of Eq. (20). Before this let us give 
a brief review of the derivation of the gravitational energy-momentum. 

Multiplication of the symmetric part of Eq. (10) by the appropriate inverse tetrad fields 
yields it to have the form [23, 34] 



d v (-eZ aX ») = — — (4£ bA ^ - 5\Y!> dc T bcd ) - 4rre%T^. 



(21) 



By restricting the space-time index A to assume only spatial values then Eq. (21) takes the 
form [23] 



d (eS a0j ) + d k {eL akj ) 



ee 



an 



(4S^T 6cM - 5^Y}> cd T bcd ) - Aixee\T^. 



(22) 



Note that the last two indices of S a6c and T abc are anti-symmetric. Taking the divergence of 
Eq. (22) with respect to j yields 



16tt 1 



ee a» ^cj Tb ^ _ 5 j^ bcd T bcd ) - 167r(ee%T^)] . (23) 



In the Hamiltonian formulation of the TEGR [11, 31] the momentum canonically conju- 
gated to the tetrad components e a j is given by 

U aj = __ eE o0j 
47T 

and that the gravitational energy-momentum P a contained within a volume V of the three- 
dimensional spacelike hypersurface is defined by [23] 



P a = - J d 3 xdjU aj . 



(24) 



If no condition is imposed on the tetrad field, P a transforms as a vector under the global 
5*0(3, 1) group. It describes the gravitational energy-momentum with respect to observers 
adapted to e a M . This observers are characterized by the velocity field = e( ) M and by the 
acceleration 

Du»_De {0 /_ 
f ~~ds~ ~ds ^a^(O) • 

Let us assume that the space-time is asymptotically flat. The total gravitational energy- 
momentum is given by 

P a = - <f dS k U ak . (25) 

The field quantities are evaluated on a surface S in the limit r — > oo. 

Now we are going to apply Eq. (25) to the tetrad field (20) to calculate the energy content. 
We perform the calculations in the Cartesian coordinate. Eqs. (24) and (25) assumed that 
the reference space is determined by a set of tetrad fields e a ^ for the flat space-time such 
that the condition T a ^ u = is satisfied. It is clear from (22) that the only components which 
contributes to the energy is S 00a . Thus substituting from solution (20) into (7), we obtain 
the following non-vanishing value 

LT° a - *" ^ ^ fr 3 + jr - 6m + ^!) (x 2 + y 2 )) , a = 1, 2, 

Kr 3 (x 2 + y 2 ) 1 




Substituting from (26) into (25) we get the form of energy contained within a sphere of 
radius R given by 



5. Regularized expression for the gravitational energy- momentum 

and localization of energy 



An important property of the tetrad fields that satisfy the condition of Eq. (3) is that in 
the flat space-time limit e a M (t, x, y, z) = 5 a M , and therefore the torsion T A M ^ = 0. Hence for 
the flat space-time it is normally to consider a set of tetrad fields such that T x fJiU = in any 
coordinate system. However, in general an arbitrary set of tetrad fields that yields the metric 
tensor for the asymptotically flat space-time does not satisfy the asymptotic condition given 
by (3). Moreover for such tetrad fields the torsion T x fiu ^ for the flat space-time [34]. 
It might be argued, therefore, that the expression for the gravitational energy-momentum 
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(24) is restricted to particular class of tetrad fields, namely, to the class of frames such 
that T x ^ u = if E a ^ represents the flat space-time tetrad field [34]. To explain this, let us 
calculate the flat space-time of the tetrad field of Eq. (20) which is given by 



(I \ 

— rcos0* — rsin#sin0' 

10 

\0 -rsin0* rsin#cos0* / 



(28) 



Expression (28) yields the following non-vanishing torsion components: 



(1)21 
(3)12 



-cos0*, T ( 



(1)31 



— sin # cos 0*, T( 1 )23 = rsin0*(cos# + 1), 



sin0*, T (3)13 = -sinflsin0*, T (3)23 = -r cos 0*(cos(fl) + 1). (29) 



The tetrad field (28) when written in the Cartesian coordinate will have the form 



(E\(t,x,y,z)) 



[I 




V r{x 2 + y 2 ) r{x 2 + y 2 ) 





2 2 

y^r — x z 
r(x 2 + y 2 ) 
x 



yx(z + r) 





yx(z + r) 
r(x 2 + y 2 ) 

y 

r 



2 

XT 



y 2 z 



0\ 

x 
r 
z 
r 

y 

r ) 



(30) 



In view of the geometric structure of (30), we see that, Eq. (20) does not display the 
asymptotic behavior required by Eq. (3). Moreover, in general the tetrad field (30) is 
adapted to accelerated observers [23, 31, 34]. To explain this, let us consider a boost in the 
x-direction of Eq. (30). We find 



(E\(t,x,y,z)) = 



( 7 
— wy 





V 



o 



— 1>7 

2 2 

y z r — x z 
" 1 r{x 2 + y 2 ) 
x 
r 

yx(z + r) 



\ 

yx{z + r) x 

r[x 2 + y 2 ) r 

y z 

r r 



o 

XT 



y 2 z 



r(x 2 + y 2 ) r(x 2 + y 2 ) 



(31) 



where v is the speed of the observer and 7 = a/1 — v 2 . It can be shown that along an 
observer's trajectory whose velocity is determined by 



u u = Efo = (7,-1*7,0,0), the quantities 0(j) 



(fc) 



u { (E^ m d t E {3) m ) , (32) 
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constructed out from (31) are non vanishing. This fact indicates that along the observer's 
path the spatial axis -E( a ) M rotate [31, 34]. In spite of the above problems discussed for 
the tetrad field of Eq. (20) it yields a satisfactory value for the total gravitational energy- 
momentum, as we will discussed. 

In Eqs. (24) and (25) it is implicitly assumed that the reference space is determined by 
a set of tetrad fields e a M for flat space-time such that the condition T a ^ u = is satisfied. 
However, in general there exist flat space-time tetrad fields for which T a ^ ^ 0. In this case 
Eq. (24) may be generalized [31, 34] by adding a suitable reference space subtraction term, 
exactly like in the Brown- York formalism [42, 43]. 

We will denote T a ^ u (E) = d il E a v —d v E a ^ and Ii a ^{E) as the expression of IP- 7 constructed 
out of the flat tetrad E a il . The regularized form of the gravitational energy-momentum P a 
is defined by [31, 34] 

P a = - [ d 3 xd k \u ak (e) - U ak (E)} . (33) 
Jv 1 J 

This condition guarantees that the energy- momentum of the flat space-time always vanishes. 

The reference space-time is determined by tetrad fields E a lx , obtained from e a ^ by requiring 

the vanishing of the physical parameters like mass, angular momentum, etc. Assuming that 

the space-time is asymptotically flat then Eq. (33) can have the form [31, 34] 

P a = - <f dS k \u ak {e) - U ak {E)] , (34) 

JS~ >oo L J 

where the surface S is established at spacelike infinity. Eq. (34) transforms as a vector under 
the global SO(3,l) group. Now we are in a position to proof that the tetrad field (20) yields 
a satisfactory value for the total gravitational energy-momentum. 

We will integrate Eq. (34) over a surface of constant radius x l = r and require r — > oo. 
Therefore, the index k in (34) takes the value k — 1. We need to calculate the quantity 

E (o)oi = e (o) oS ooi = I e (o) o(T ooi _ g oo T iy 
2 

Evaluate the above equation we find 



-Il^e) = -^e£(°) 01 = --lrsin(0Wl - — + %, (35) 
in 47T V r r 2 



and the expression of ^^(E) is obtained by just making m = and Q = in Eq.(35), it is 
given by 

Tl^iE) = — rsm(e). (36) 
Atx 

Thus the gravitational energy contained within a sphere of radius R is given by 

p0 - Lr dm i sin{6) {" r(1 _ 7 + S } + r } = 771 ~ S' (37) 

which is the expected result. 
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6. Main results and Discussion 



The main results of this paper are the following: 

• Simple expression of the roots of the structure function has been obtained in Eq. (16). 

• The singularities of the tetrad field of Eq. (15) are shown to be related to the roots of the 
structure function. 

• The tetrad field given in Eq. (15) with (t, x, y, <p*) has been transformed to spherical polar 
coordinate with (£, r, 9, <$*). 

• Setting the physical parameters equal to zero in the tetrad field given in Eq. (20), i.e. 
m = and Q = 0, we have obtained a non Minkowskian space-time. 

• It is well know that calculations of global energies and momenta in TEGR are much 
easier than in GR. Therefore, we have used the regularized expression of the gravitational 
energy- momentum given in Eq. (34) to calculate the mass-energy given by Eq. (37). 
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